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In most studies on queueing systems, the customers always
wait in the system until service is completed. In many practical
systems, such as telephone switchboard customers, hospital
emergency rooms’ handling of critical patients, and perishable
goods storage inventory systems, the customers may become
impatient and leave (i.e., balk or renege) the system without
getting services when the waiting time is intolerable. For exam-
ple, for a call-in customer who cannot get service immediately
by the server, he/she is told how long he/she needs to wait. The.com.
ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
5.002customer might hang up (balk) or hold on (non-balk and wait-
ing). This is a balking behavior of the customer when the
queue length or waiting time is too long. In addition, a waiting
customer might hang up (renege) if he/she becomes impatient.
Someone who wants to buy a train ticket (or meal ticket) might
decide not entering the system (balk) if the waiting line is too
long. As a customer waiting in the queue, he/she might leave
the queue (renege) and choose an automat (or instant food).
Queueing models with balking, or reneging, or both have at-
tracted much attention from numerous researchers. For re-
lated literature, interested readers may refer to [1,2] and
references therein.
On the other hand, heterogeneity of service is a common
feature of many real multi-server queueing situations. The het-
erogeneous service mechanisms are invaluable scheduling
methods that allow customers to receive different quality of
service. Heterogeneous service is clearly a main feature of the
operation of almost any manufacturing system. The role of
quality and service performance is crucial aspects in customer
perceptions and ﬁrms must dedicate special attention to themgyptian Mathematical Society. Open access under CC BY-NC-ND license.
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reason, queues with heterogeneous servers have received con-
siderable attention in the literature [3].
In [4], the authors have pointed out that for the queueing
systems with more than two heterogeneous servers, analytical
results are intractable. Therefore, many researchers have stud-
ied queueing systems with two heterogeneous servers. In [5],
the author studied an M/M/2 queueing system with balking
and two heterogeneous servers. In [6], the authors have dis-
cussed the two-channels queue M/M/2 with both balking, het-
erogeneity and considering different probability in choosing
the server. In [7], the author proposed a transient solution of
the non-truncated queue M/M/2 involving balking, and an
additional server for longer queues. In [8], the authors have
analyzed an M/M/2 queueing system with two heterogeneous
servers and multiple vacations by using the matrix-geometric
solution method. In [3], the authors have derived the transient
solution for the probabilities in the two-server queueing
system subject to catastrophes, where one server is faster than
the other, by deﬁning a suitable probability generating
function. In [9], the authors have presented the transient
solution of the M/M/2 queue with catastrophe at the service
station
The authors in [10] further considered the model in [8].
They have obtained the explicit expression of the rate matrix
and presented the conditional stochastic decomposition results
for the queue length and the waiting time. In [11], the authors
have investigated an M/M/2 queue with Bernoulli schedules
and a single vacation policy where the two servers provide het-
erogeneous exponential service to customers. They obtained
the steady-state probability generating functions of the system
size for various states of the servers. In [12], the authors intro-
duced an M/M/2 queueing system with balking and two heter-
ogeneous servers under Bernoulli schedules and a single
vacation policy. They presented a generalization of Model B
in [11] and obtained the explicit expressions of the steady-state
condition, the stationary distribution of the system size, and
the mean system size. In [13], the authors have discussed an
M/M/2 queueing system with two heterogeneous servers under
a variant vacation policy, where the two servers may take to-
gether at most J vacations when the system is empty. In [14],
the authors have displayed an M/M/2 queueing model with
heterogeneous servers where one server remains idle but the
other goes on vacation in the absence of waiting customers.
The two heterogeneous servers are extensively studied as
mentioned above, however, in the literature is no work on
an M/M/2 queue with heterogeneous servers subject to balking
and reneging. Based on this observation, we have investigated
the transient solution for the probabilities in the two server
subject to balking and reneging.
The rest of the paper is organized as follows. Section 2 pre-
sents a model description and obtains the time dependent state
probabilities for the number in the system.. In Section 3, we get
the solution for the steady-state probabilities. In Section 4, we
give some performance measures of the system.
2. Model description and main results
In this paper, we consider an M/M/2 queueing system with
impatient customers, where two servers have different rates.
The assumptions of the system model are as follows:(a) Customers arrive at the system one by one according to
a Poisson process with rate k.
(b) The two servers provide heterogeneous exponential ser-
vice to customer on a ﬁrst-come, ﬁrst served (FCFS)
basis with service ratelj for jth server, j= 1, 2.
(c) A customer who on arrival ﬁnds at least two customers
in the system, either decides to enter the queue with
probability p or balk with probability 1p. Let kp = kp.
(d) After joining the queue, each customer will wait a cer-
tain length of time T for service to begin. If it has not
begun by then, he will get impatient and leave the queue
without getting service. This time T is assumed to be dis-
tributed according to an exponential distribution with
mean 1/a. Since the arrival and the departure of the
impatient customers without service are independent,
the reneging rate when there are n customers is (n  2)a.
(e) Let {X(t), t 2 R+} be the number of customers in the
system at time t, let Pn(t) = P(X(t) = n),
n= 2, 3, 4, . . . denote the probability that there are n
customers in the system at time t.
(f) Let P0,0(t) = P(X(t) = 0) be the probability that the sys-
tem is empty at time t, P1,0(t) = P(X(t) = 1) be the
probability that there is one customer in the system
and he is served by server 1 and P0,1(t) = P(X(t) = 1)
be the probability that there is one customer in the sys-
tem and he is served by server 2.
(g) If a customer arrives to an empty system, it always joins
server 1.
From the above assumptions, the forward equations for the
system
dP0;0ðtÞ
dt
¼ kP0;0ðtÞ þ l1P1;0ðtÞ þ l2P0;1ðtÞ; ð2:1Þ
dP1;0ðtÞ
dt
¼ ðkþ l1ÞP1;0ðtÞ þ kP0;0ðtÞ þ l2P2ðtÞ; ð2:2Þ
dP0;1ðtÞ
dt
¼ ðkþ l2ÞP0;1ðtÞ þ l1P2ðtÞ; ð2:3Þ
dP2ðtÞ
dt
¼ ðkp þ lÞP2ðtÞ þ kðP0;1ðtÞ þ P1;0ðtÞÞ
þ ðlþ aÞP3ðtÞ ð2:4Þ
and
dPnðtÞ
dt
¼ ðkp þ lþ ðn 2ÞaÞPnðtÞ þ kpPn1ðtÞ þ ðl
þ ðn 1ÞaÞPnþ1ðtÞ; n
P 3 ð2:5Þ
where l= l1 + l2
We assume that there is no customer in the system at time
t= 0, so that P0,0(0) = 1.
We deﬁne the probability generating function
Pðz; tÞ ¼ R0ðtÞ þ
X1
n¼0
Pnþ3ðtÞznþ1 ð2:6Þ
where
R0ðtÞ ¼ P0;0ðtÞ þ P0;1ðtÞ þ P1;0ðtÞ þ P2ðtÞ
with initial condition P(z, 0) = 1
92 S.I. AmmarThe system of Eqs. (2.1)–(2.6) yields the following partial
differential equation
@Pðz; tÞ
@t
 að1 zÞ @Pðz; tÞ
@z
¼ ½ðl aÞðz1  1Þ þ kpðz 1Þ
 ½Pðz; tÞ  R0ðtÞ þ kpðz 1ÞP2ðtÞ
ð2:7Þ
The solution of (2.7) is easily obtained as
Pðz; tÞ ¼ expf½ðl aÞðz1  1Þ þ kpðz 1Þtg
þ
Z t
0
½kpðz 1ÞP2ðuÞ þ fðl aÞðz1  1Þ
þ kpðz 1ÞgR0ðuÞ: expf½ðl aÞðz1  1Þ
þ kpðz 1Þðt uÞgdu: ð2:8Þ
It is well known that if r ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃkpðl aÞp and b ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃkp=ðl aÞp ,
then
exp kpzþ l a
z
 
t
n o
¼
X1
n¼1
ðbzÞnInðrtÞ;
where In(Æ) is the modiﬁed Bessel function of ﬁrst kind order n.
Substituting this in Eq. (2.8), expanding P(z, t) as a series in z
and comparing the coefﬁcient of zn on either side, we get, for
n= 1, 2, 3, . . .,
Pnþ2ðtÞ ¼ expf½kp þ ðl aÞtgbnInðrtÞ
þ bn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ
 ½kpfIn1ðrðt uÞÞ  bInðrðt uÞÞgP2ðuÞdu
 bn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ
 ½kpfIn1ðrðt uÞÞ þ Inþ1ðrðt uÞÞg
 bðkp þ ðl aÞÞInðrðt uÞÞR0ðuÞdu ð2:9Þ
and for n= 0,
bR0ðtÞ ¼ expf½kp þ ðl aÞtgbI0ðrtÞ
þ
Z t
0
expððkp þ ðl aÞÞðt uÞÞ
 ½kpfI1ðrðt uÞÞ  bI0ðrðt uÞÞgP2ðuÞdu

Z t
0
R0ðuÞ expððkp þ ðl aÞÞðt uÞÞ
 ½2kpI1ðrðt uÞÞ  bðkp þ ðl aÞÞI0ðrðt uÞÞdu
ð2:10Þ
As P(z, t) does not contain terms with negative powers of z, the
right hand side of (2.9) with n replaced by n, must be zero.
Thus,
bn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ½kpfInþ1ðrðt uÞÞ
þ In1ðrðt uÞÞg  bðkp þ ðl aÞÞInðrðt uÞÞR0ðuÞdu
¼ expf½kp þ ðl aÞtgbnInðrtÞ
þ bn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ½kpfInþ1ðrðt uÞÞ
 bInðrðt uÞÞgP2ðuÞdu ð2:11Þwhere we have used Ik(Æ) = Ik(Æ). The usage of (2.11) in (2.9)
considerably simpliﬁes the working and results in elegant
expression forPn(t). This yields, for n= 1, 2, . . .
Pnþ2ðtÞ ¼ bn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ
 ½kpfIn1ðrðt uÞÞ  Inþ1ðrðt
 uÞÞgP2ðuÞdu ð2:12Þ
Now, the probabilities P0,0(t), P0,1(t), P1,0(t) and P2(t) remain
to be found. For this, we consider the system of Eqs. (2.1)–
(2.3) subject to the condition (2.10). Eqs. (2.1)–(2.3) can be ex-
pressed in matrix form as
dPðtÞ
dt
¼ APðtÞ þ l2P2ðtÞe1 þ l1P2ðtÞe2 ð2:13Þ
where
PðtÞ¼ ðP00ðtÞ;P01ðtÞ;P10ðtÞÞT;A¼
k l1 l2
k ðkþl1Þ 0
0 0 ðkþl2Þ
0
B@
1
CA
e1 = (0,1,0)
T, and bf e2 = (0,0,1)
T.
In the sequel, let PnðsÞ denote the Laplace transform of
Pn(t). Now, by taking Laplace transform, the solution of
(2.13) is obtained as
PðsÞ ¼ ½sI A1 l2P2ðsÞe1 þ l1P2ðsÞe2 þ Pð0Þ
  ð2:14Þ
with
Pð0Þ ¼ ð1; 0; 0ÞT:
Thus, only P2ðsÞ is to be found. We note that, if e= (1,1,1)T,
R0ðsÞ ¼ eTPðsÞ þ P2ðsÞ:
Using (2.10) in the above equation and simplifying, we get,
with q= s+ kp + (l  a),
P2ðsÞ ¼
1 seTðsI AÞ1Pð0Þ
sþ kp  q
ﬃﬃﬃﬃﬃﬃﬃﬃ
q2r2
p
2
 
þ seTðsI AÞ1½l2e2 þ l1e1
ð2:15Þ
Let
ðsI AÞ1 ¼ ðaijðsÞÞ33
We can use the usual method to ﬁnd (sI  A)1 and is given by
1
jDðsÞj
ðsþkþl1Þðsþkþl2Þ l1ðsþkþl2Þ l2ðsþkþl1Þ
kðsþkþl2Þ ðsþkÞðsþkþl2Þ kl2
0 0 ðsþkÞðsþkþl1Þkl1
0
B@
1
CA
ð2:16Þ
where ŒD(s)Œ= s3 + (3k+ l)s2 + (3k2 + k(l+ l2) + l1l2)s+
k2(k+ l2)
The characteristic roots of the matrix A are given by
jDðsÞj ¼ 0 ð2:17Þ
Let sk, k= 1, 2, 3 the characteristic roots of (2.17). Then,
s1 ¼ ðkþ l2Þ;
s2; s3 ¼ ð2kþ l1Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p
2
:
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The cofactor of the (i,j)th element of (sI  A) is a polynomial of
degree 2  Œi  jŒ. Since the characteristic roots of A are all
real and distinct, the inverse transform aij(t) of a

ijðsÞ can be ob-
tained by partial fraction decomposition and are given below.
a11ðtÞ ¼ l1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p es2t  l1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p es3t;
a12ðtÞ ¼ l1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p ðes2t  es3tÞ;
a13ðtÞ¼ l2ðl1l2Þl2ðl2l1Þkl1
es1t l2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p
 l1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p
l12l2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p es2t l1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p
l12l2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p es3t
 !
;
a21ðtÞ ¼ kﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p ðes2t  es3tÞ;
a22ðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p
 l1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p es2t 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p
þ l1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1 þ l21
p es3t;
a13ðtÞ¼ kl2l2ðl2l1Þkl1
es1t 2kl2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p
 1
l12l2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p es2t 1
l12l2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4kl1þl21
p es3t
 !
;
a33ðtÞ ¼ es1t;
and a31(t) = a32(t) = 0.
Now using (2.16), we get
seTðsI AÞ1Pð0Þ ¼ s
X3
j¼1
aj1ðsÞ ð2:18Þ
and
seT½sI A1½l2e1 þ l1e2 ¼ s½l2
X3
j¼1
aj2ðsÞ þ l1
X3
j¼1
aj3ðsÞ ð2:19Þ
Substituting (2.18) and (2.19) in (2.15), we obtain
P2ðsÞ ¼
1 b1ðsÞ
sþ kp  12 ðq
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  r2
p
Þ þ b2ðsÞ
ð2:20Þ
where
b1ðsÞ ¼ s a11ðsÞ þ a21ðsÞ
 
;
b2ðsÞ ¼ s l2 a12ðsÞ þ a22ðsÞ
	 
þ l1 a13ðsÞ þ a23ðsÞ þ a33ðsÞ	 
 :
Using Eq. (2.16) in (2.14), we have
P0;0ðsÞ ¼
1
jDðsÞj ðsþ kþ l1Þðsþ kþ l2Þ½
þl1l2ðsþ kþ l2ÞP2ðsÞ þ l1l2ðsþ kþ l1ÞP2ðsÞ
 ð2:21Þ
P1;0ðsÞ ¼
1
jDðsÞj kðsþ kþ l2Þ þ l2ðsþ kÞðsþ kþ l2ÞP

2ðsÞ

þl1l2kP2ðsÞ
 ð2:22Þ
P0;1ðsÞ ¼
1
jDðsÞj ðl1ðsþ kÞðsþ kþ l1Þ  kl1ÞP

2ðsÞ
  ð2:23ÞAfter considerable simpliﬁcation, (2.20) reduces to
P2ðsÞ¼
2
qþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 r2
p 1b1ðsÞ  1 lakp
 1=2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 r2
p
r
1 b

2ðsÞ
la
 " #1
¼ 2
r
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 r2
p
r
 !
1b1ðsÞ
 
1 la
kp
 1=2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 r2
p
r
1 b

2ðsÞ
la
 " #1
On inversion, we get an explicit expression for P2(t) as
P2ðtÞ ¼
X1
m¼0
Xm
k¼0
ð1Þk m
k
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l a
kp
r m
1
l a
 k

Z t
0
bk2 ðu vÞ½expððkp þ ðl aÞÞuÞfImðruÞ
 Imþ2ðruÞg 
Z u
0
b1ðu vÞ expððkp þ ðl
 aÞÞvÞfImðrvÞ  Imþ2ðrvÞgdvdu ð2:24Þ
where bk2 is the k-fold convolution of b2(t) with itself. We note
b02 ðtÞ ¼ dðtÞ.
Using (2.21)–(2.23) and inverting, we obtain
P00ðtÞ ¼ a11ðtÞ þ
Z t
0
ðl2a12ðuÞ þ l1a13ðuÞÞP2ðt uÞdu; ð2:25Þ
P10ðtÞ ¼ a21ðtÞ þ
Z t
0
ðl2a22ðuÞ þ l1a23ðuÞÞP2ðt uÞdu; ð2:26Þ
P01ðtÞ ¼ a31ðtÞ þ
Z t
0
ðl2a32ðuÞ þ l1a33ðuÞÞP2ðt uÞdu; ð2:27Þ
Thus, (2.12),(2.24),(2.25),(2.26) and (2.27) completely deter-
mine all the system size probabilities.
Remark. It is observed that our results are coincident with
those of Kumar and Madheswari [9] when c= 0 for
l1 = l2,b= 1 and a= 0.3. Steady-state probabilities
In this section, we shall investigate the behavior of the steady-
state probabilities of the M/M/2 queueing system with hetero-
geneous servers, balking and reneging. It is worthy to mention
that the system is always stable for a> 0.
Theorem 1. The steady-state distribution of the M/M/2 queue
with heterogeneous service rate, balking and reneging is obtained
as follows:
(i) Fork „ l, then
P2¼ 1
1
2
ðkplþaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkpþlaÞ2 r2
q
Þ
ð3:1Þ
Pnþ2¼ b
r
 n
½kpþlaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkpþlaÞ2 r2
q
nP2;n¼ 1;2;3; . . . ð3:2Þ
P0;0¼ l1l2ð2kþlÞ
k2ðkþl2Þ
P2 ð3:3Þ
P1;0¼ l2ðkþlÞkðkþl2Þ
P2 ð3:4Þ
and
P0;1 ¼ l1ðkþ l2Þ
P2 ð3:5Þ
94 S.I. Ammar(ii) Fork= l, then
P2¼ 1
1
2
ðkplþaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkpþlaÞ2 r2
q
Þ
ð3:6Þ
Pnþ2¼ b
r
 n
½kpþlaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkpþlaÞ2 r2
q
nP2;
n¼ 1;2;3; . . . ð3:7Þ
P0;0¼ 3l1l2lðlþl2Þ
P2 ð3:8Þ
P1;0¼ 2l2lþl2
P2 ð3:9Þ
and
P0;1 ¼ l1ðlþ l2Þ
P2 ð3:10Þ
Proof. For k „ l, from (2.20), we have
P2ðsÞ ¼
1 b1ðsÞ
sþ kp  12 ðq
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  r2
p
Þ þ b2ðsÞ
Multiplying the above equation by s on both sides and taking
limit as sﬁ 0, we get
lim
s!0
sP2ðsÞ ¼
1
1
2
ðkp  lþ aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkp þ l aÞ2  r2
q
Þ
The result (3.1) follows directly from (3.11) by Tauberian
theorem. Taking Laplace transform of (2.12), we have
Pnþ2ðsÞ ¼
b
r
 n
½qþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  r2
p
nP2ðsÞ; n ¼ 1; 2; 3; . . . ð3:11Þ
As before, multiplying (3.12) by s on both sides and taking
limit as sﬁ 0, we get
lim
s!0
sPnþ2ðsÞ ¼ lim
s!0
b
r
 n
½qþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  r2
p
nsP2ðsÞ; n
¼ 1; 2; 3; . . . ð3:12ÞWhich yields (3.2), by applying Tauberian theorem again.
Similarly, the results (3.3)–(3.5) can be obtained from
(2.21)–(2.23).
For k= l,the results (3.6)–(3.10) can be obtained directly
by putting k= l in (3.1)–(3.5). h4. Performance measures
LetN(t) be the number of customers in the system at time t.
The average number of customers in the system at time t is gi-
ven by
EðNðtÞÞ ¼ P1;0ðtÞ þ P0;1ðtÞ þ
X1
n¼0
ðnþ 2ÞPnþ2ðtÞ:Using (2.12), (2.19) and (2.20), the above relation can be writ-
ten as
EðNðtÞÞ ¼ a21ðtÞ þ
Z t
0
½l2a22ðt uÞ þ l1ða23ðt uÞ
þ a33ðt uÞÞP2ðuÞduþ 2P2ðtÞ
þ
X1
n¼1
ðnþ 1Þbn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ
 ½kpfIn1ðrðt uÞÞ  Inþ1ðrðt uÞÞgP2ðuÞdu
ð4:1Þ
where P2(t) is given in (2.24).
If k „ l, the mean number of customers in the system under
steady state is computed as
EðNÞ ¼
2lf4l ðkp þ l a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkp þ l aÞ2  r2
q
Þg
f2l ðkp þ l a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkp þ l aÞ2  r2
q
Þg2
P2
þ kðlþ l1l2Þ þ l
2
2
kðkþ l2Þ
P2
ð4:2Þ
and for k= l,
EðNÞ ¼
2lf4l ðkp þ l a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkp þ l aÞ2  r2
q
Þg
f2l ðkp þ l a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkp þ l aÞ2  r2
q
Þg2
P2
þ lðlþ l1l2Þ þ l
2
2
lðlþ l2Þ
P2
ð4:3Þ
where P2 is given in (3.1) for k „ l and in (3.6) for k= l.
The probability that an arriving customer is required to join
the queue at time t is given by
PðNðtÞP 2Þ ¼
X1
n¼0
Pnþ2ðtÞ
¼ P2ðtÞ þ
X1
n¼1
bn1
Z t
0
expððkp þ ðl aÞÞðt uÞÞ
 ½kpfIn1ðrðt uÞÞ  Inþ1ðrðt uÞÞgP2ðuÞdu:
ð4:4Þ
Similarly, the steady-state probability that an arriving cus-
tomer joins the queue is
PðNP 2Þ ¼
X1
n¼0
Pnþ2
¼ 2lP2
kp þ l a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkp þ l aÞ2  r2
q ð4:5Þ
Let the random variableM(t) denote the number of busy serv-
ers at time t. The probability that the system has n busy servers
is given as,
PðMðtÞ ¼ nÞ ¼
PðNðtÞ ¼ 1Þ ¼ P1;0ðtÞ þ P0;1ðtÞ; n ¼ 1
PðNðtÞ > 1Þ ¼
X1
n¼0
Pnþ2ðtÞ; n ¼ 2
8><
>:
ð4:6Þ
Transient analysis of a two-heterogeneous servers queue with impatient behavior 95and the corresponding steady-state probability is obtained for
k „ l as
PðM ¼ nÞ ¼
PðNðtÞ ¼ 1Þ ¼ lk
	 

P2; n ¼ 1
2lP2
kpþla
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðkpþlaÞ2r2
p ; n ¼ 2
8<
: ð4:7Þ
Similarly, the above probability can be obtained directly, for
k= l by substituting k= l in (4.7).
Furthermore, the mean number of busy servers at time at
time t is given by
EðMðtÞÞ ¼ P1;0ðtÞ þ P0;1ðtÞ þ 2
X1
n¼0
Pnþ2ðtÞ
This can be simpliﬁed as
EðMðtÞÞ ¼ 2½1 P0;0ðtÞ  ½P1;0ðtÞ þ P0;1ðtÞ ð4:8Þ
For k „ l, the corresponding steady-state result is given as
EðMÞ ¼ 2½k
2ðkþ l2Þ  l1l2ð2kþ lÞ þ klðkþ l2Þ
k2ðkþ l2Þ
 
P2
ð4:9Þ
and for k= l,
EðMÞ ¼ 2½lðlþ l2Þ  3l1l2 þ lðlþ l2Þ
lðkþ l2Þ
 
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